We extend a previous proposal for absolute calibration of optical tweezers by including optical setup aberrations into the first-principles theory, with no fitting parameters.
Optical tweezers (OT)
1 have become a widely used tool with applications ranging from basic physics 2 to cell biology 3 . In typical quantitative applications, trapped dielectric microspheres are used as handles and force transducers. Force measurements calibrate trap stiffness against the Stokes-Faxen drag force. Both optical and drag forces depend critically on trap parameters, e.g., on bead distance to the sample cell bottom. Force results from different sources sometimes disagree by substantial factors 4 .
Reliable stiffness calibration requires careful control of all relevant trap parameters 5 . Our first-principles theoretical model allows one to optimize the experimental setup, leading to absolute calibration.
OT employ highly focused beams to maximize the pull of gradient forces against the push of radiation pressure. This is achieved by using a high numerical aperture (NA) microscope objective. Ref. 6 modeled a strongly focused beam as an electromagnetic generalization of Debye's scalar theory. When combined with Mie theory for scattering by the dielectric sphere, it yields a realistic model description of OT, provided that the spherical aberration produced at the interface between the glass bottom and the water in the sample cell is taken into account. The resulting MDSA (Mie-Debye spherical aberration) theory 5,7 should cover, in principle, the entire range of sphere radii a from Rayleigh to geometrical optics regimes.
When confronted with experiment, good agreement was found in the range a > laser wavelength λ 5, 8 . However, in the more usual range a < ∼ λ/2, MDSA leads to a huge overestimation of the experimental stiffness for an infrared laser beam overfilling a high NA objective. In 8 , it was conjectured that the probable source of this discrepancy is the defocusing effect of optical system aberrations additional to that from the interface.
In this letter, we show that a particular optical aberration, astigmatism, is indeed chiefly responsible for the transverse stiffness degradation in the range a < ∼ λ/2. We define MDSA+ theory as an extension of MDSA taking additional aberrations into account. We independently measure the astigmatism of our (typical) OT setup and plug the results into MDSA+ theory.
The results agree with experimental data within error bars, with no fitting procedure. The success of such a blind comparison is of particular importance given that some astigmatism is always present in OT 9 . It confirms the feasibility of absolute calibration, when all relevant experimental parameters, including astigmatism, are carefully characterized.
To include a given primary aberration 10 in our theoretical model, we introduce the cor-2 responding phase for each plane wave component into the Debye-type representation of the focused beam, generalizing the approach already employed for the spherical aberration at the glass-water interface 5, 7 . The scattered fields for each plane-wave component are expressed in terms of Wigner rotation matrix elements, and a partial-wave representation for the optical force is then derived from the Maxwell stress tensor.
In the paraxial limit, we find that field curvature and distortion change the trap equilibrium position but keep the stiffness unchanged. This agrees with the displacement theorem 10 :
apart from a global translation, the intensity distribution near focus does not change under these two aberrations. The other three -astigmatism, coma, and spherical aberrationdegrade the intensity gradients, leading to smaller trap stiffness even in the paraxial limit.
We find, numerically, that astigmatism is the primary aberration leading to the strongest reduction of the transverse stiffness, in agreement with the experiments reported in 9 . This is consistent with the fact that images of the focused laser spot reflected by a mirror placed beyond the objective, shown in to move the mirror M 1 across the focal region with controlled velocity V = 100 nm/s. Images of the entire process are recorded using a LG7 frame grabber (Scion, USA).
We follow reference 11 to derive expressions for the intensity profile measured by the CCD in terms of the mirror position z 0 and the parameters characterizing the laser beam, particularly its astigmatism. The total phase associated with astigmatism at a given transverse point (ρ, φ) of the beam cross section, acquired after back and forth traversal through the objective, is written in terms of the appropriate Zernike polynomial as
, where Φ ob and Φ s (with their corresponding coefficients A ob , A s , and axis orientations φ ob and φ s ) represent the astigmatism functions for the objective and the remaining optical system (objective excluded), respectively. The cylindrical angular coordinate φ is measured with respect to the y-axis 10 . Fig. 1b shows the normalized axial electric energy density E 2 /E 2 max (circles) versus z 0 for circular polarization. The solid line is a curve fit yielding the value A t = 0.96 ± 0.02 for the total astigmatism coefficient. The quality of the fitting is extremely sensitive to A t : changing A t by only 5% leads to a tenfold increase of χ 2 . Fig. 1c shows the elongated form of the focused laser spot before and after the circle of minimum confusion (center image) typical of astigmatic beams. From those images we determine the astigmatism axis angle φ t = 57 o ± 3 o . We consider the spot radii R and R ⊥ along the orthogonal directions defined by φ t and φ t + π/2, respectively. We then define R > (R < ) as the largest (smallest) radius among R and R ⊥ and plot in Fig. 1d the ratio R > /R < versus z 0 , for the same In Fig. 2a , we plot the transverse stiffness per unit power k x as a function of d for a bead radius a = 0.376 µm. MDSA overestimates stiffness by a factor larger than 4 for low heights and predicts a monotonic decrease as a function of d which is not observed experimentally.
When the measured astigmatism is included, we find agreement within error bars up to d = 3 µm. Beyond this height, MDSA+ predicts no stable trapping, as is apparent in the plot of the axial optical potential (insert of Fig. 2a ). This is confirmed experimentally: the (a λ) and geometrical optics (a λ) regimes. 15 . This is of considerable practical importance, because this region corresponds to the radii most often used in quantitative applications, for which a reliable transverse stiffness 6 calibration is needed.
In conclusion, Fig. 2 provides a fair sample of the general good agreement with MDSA+ we have found for a variety of sphere radii and trap heights, for circular as well as for linear polarizations. Specially relevant is the agreement across the entire crossover range from Rayleigh to geometrical optics. Crucial to the success of our blind theory-experiment comparison was the simple videomicroscopy method to measure the astigmatism parameters, which can easily be adapted to any OT setup.
Apart from surface interactions and reverberation at the glass-water interface, which become more relevant for larger spheres (a > 1 µm) closer to the glass surface (d < 3 µm), 
